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ABSTRACT
We formulate the particle conjugation operation and its convenient realization as G–
parity in the framework of several chiral soliton models. The Skyrme model, the Skyrme
model with vector mesons and the chiral quark model are speciﬁcally treated. The vector
and axial vector currents are classiﬁed according to their behavior under G–parity. In the
soliton sector particle conjugation constrains a priori ambiguous orderings of operators in the
space of the collective coordinates. In the Skyrme model with vector mesons and in a local
chiral model with an explicit valence quark this classiﬁcation scheme provides consistency
conditions for the ordering of the collective operators appearing in the 1/NC corrections to the
nucleon axial charge and the isovector magnetic moment. These consistency conditions cause
the corrections obtained from an ordinary perturbation expansion to vanish in the context
of the collective quantization of the static soliton conﬁguration. This conclusion presumably
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applies to all local eﬀective chiral models.
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1. Introduction
In this paper we shall discuss some theoretical constraints on the vector and axial vector
current matrix elements of the nucleon predicted in various kinds of chiral soliton models (for
review articles see [1, 2]). One might, at ﬁrst, think that this is a subject which has been
completely exhausted. However, there are, at least, two recent problems:
i) the “too small gA problem” [1]
ii) the “proton spin puzzle” [3]
where such considerations appear crucial. These problems involve current matrix elements
which are of subleading order in an appropriate perturbation approach to the collective
Hamiltonian describing the nucleon. As such, they turn out to involve operator ordering
ambiguities. Symmetries like iso–spin invariance do not seem to be able to oﬀer guidance
on this question. Here we point out that particle conjugation symmetry can, as it does in
ordinary ﬁeld theory, provide operator ordering restrictions. For example, charge conjugation

T
invariance requires the QED interaction to have the ordered form 12 eAµ Ψγµ Ψ − ΨT γµT Ψ .
Recently, the very interesting observation has been made [4]–[9] that the too small value
of the neutron beta decay constant gA predicted in many chiral soliton models might be
dramatically improved by including 1/NC corrections. This seems satisfying both because it
agrees with the quark model result [10] in which gA should behave like (NC + 2)/3 so sizable
corrections are expected and because the corrections ﬁt the pattern expected from unitarity
constraints on pion–nucleon matrix elements [11] (which imply that the structure of the
leading and next–to leading order terms is identical). In spite of these pleasing features, we
will see that the imposition of proper ordering constraints requires that these 1/NC corrections
vanish in certain chiral soliton models.
Actually, a diﬀerent problem with these corrections has already been noted [12]. The
equation of motion for the pion ﬁelds, which yields the PCAC (Partially Conserved Axial
Current) relation, is derived from the static energy functional of the soliton. This functional
is of the order NC without any subleading corrections. Thus this equation of motion cannot
account for 1/NC corrections in the divergence of the axial current. The pion ﬁeld develops
a Yukawa–type tail whose amplitude is, due to PCAC, proportional to gA . This allows one
to not only compute gA by direct integration of the axial current but also from the large
distance behavior of the pion [13]. The latter, however, is completely determined from the
classical equation of motion and hence does not contain the 1/NC corrections. Therefore it
has been concluded that these corrections violate PCAC by about 30% [12]. This problem
was circumvented by elevating the derivative of the axial current including the corrections
to the equation of motion via PCAC [12, 6]. However, this treatment is not completely
satisfactory since it has not proven possible to derive the so constructed equation of motion
from an action principle.
We shall, for simplicity, work in a theory with just the two lightest quark ﬂavors present.
The relevant currents at the quark level are the vector and axial vector ones of both isoscalar
and and isovector type


1
1
qγµ q − q T γµT q T , Vµa =
qγµ τ a q − q T γµT τ a q T
2
4


1
1
=
qγµ γ5 q − q T γµT γ5T q T , Aaµ =
qγµ γ5 τ a q − q T γµT γ5T τ a q T ,
2
4

Vµ0 =
A0µ

(1.1)

where q represents the quark ﬁeld. Notice that all of these operators are hermitean. In
dealing with the charge conjugation of objects with deﬁnite isospin transformation properties,
3

it is often useful to deﬁne the concept of G–parity [16]. Technically the G–parity reﬂection
is deﬁned as charge conjugation followed by a rotation of angle π around the y–axis in
isospace. This corresponds to a unitary operator G = eiπI2 C. Since the G–parity of the pion
is minus one, the G–parity classiﬁcation provides a tool to determine whether the number
of pions emerging from a decay process is even (G–parity= 1) or odd (G–parity= −1). By
construction the G–parity is a conserved quantity for interactions which are invariant under
charge conjugation and isospin rotations. For the current operators in (1.1) we have








G Vµ0 , Vµa , A0µ , Aaµ G −1 = −Vµ0 , Vµa , A0µ , −Aaµ .

(1.2)

In chiral models the pions are incorporated via the non–linear realization U = exp(iπ ·
τ /fπ ) where fπ = 93MeV denotes the weak pion decay constant. Since π → −π under the
G–transformation we simply have
G

U(r, t) −→ U † (r, t).

(1.3)

One should bear in mind that in all quark soliton models the quark ﬁelds are functionals of
the chiral ﬁeld so their behavior under conjugation is determined from that of U.
This paper is organized as follows. In section 2 the behavior of the symmetry currents in
the simple Skyrme model under G–parity reﬂection will be studied. This will be generalized
to models with vector mesons in section 3. In section 4 we will ﬁrst discuss the particle
conjugation in the framework of quark soliton models and then apply these results to the
1/NC corrections to gA and µV .
Actually the problem of ordering ambiguities in soliton models was already discussed by
Tomboulis [14] in the case of a two dimensional ﬁeld theory. Also in that reference symmetry
arguments (Poincaré invariance) have been employed to resolve operator ordering ambiguities.
However, we will mainly be concerned with form factors at zero momentum transfer and hence
do not introduce collective coordinates for the boost of the soliton. Rather we are interested
in ordering ambiguities for the collective coordinates associated with internal symmetriesa .

2. G–Parity Constraints on the Currents in the Skyrme Model
In order to introduce the relevant background and notation we start with the simple
Skyrme model, deﬁned by the Lagrangian [17, 13]
L=

i

ih
h
fπ2 
1
µ
ν †
†
.
∂
U,
∂
U
tr ∂µ U∂ µ U † +
tr
∂
U,
∂
U
µ
ν
4
32e2

(2.1)

where e is the only free parameter.
The static soliton conﬁguration of the Skyrme model is given by the celebrated hedgehog
ansatz
h

U0 (r) = exp iτ · r̂F (r)

i

(2.2)

which introduces the chiral angle F (r). Substituting this ansatz into the Lagrangian (2.1)
yields minus the classical energy functional Ecl . The soliton conﬁguration is then obtained
by minimizing this functional. In the Skyrme model the baryon number current is identiﬁed
[13] with the topological current which classiﬁes the mappings of the type (2.2) with the
For a two dimensional model operator orderings were considered in ref. [15] with regard to internal
symmetries.
a

4

r→∞

boundary condition F (r) −→0. The baryon number associated with a given chiral angle,
F (r), is obtained as the spatial integral over the time component of this current
2Z∞
1
B=
drF ′(r)sin2 F (r) = − F (0).
π 0
π

(2.3)

Integer baryon numbers thus correspond to the boundary conditions F (0) = nπ with n being
a positive or negative integer. In this context it should be remarked that in topological soliton
models Ecl diverges as one deviates from this boundary condition. Obviously, one crosses
from the baryon to the anti–baryon sector by reversing the sign of the chiral angle, F (r),
since not only the baryon number but also the baryon number density acquires the opposite
sign.
In order to project the soliton onto states with good spin and isopin one introduces
time dependent collective coordinates parametrizing the corresponding rotations. Due to the
symmetry of the hedgehog ansatz the rotations in coordinate and iso–space are equivalent.
Hence one approximates the time dependent solutions by [13]
U(r, t) = A(t)U0 (r)A† (t).

(2.4)

The collective coordinates are contained in the SU(2) matrix A(t). From the deﬁning relation
(1.3) we observe that the G–operation corresponds to the reversal of the sign of the chiral
angle F → −F while keeping the collective coordinates, A(t), unaltered. According to (2.3)
this indicates that in the soliton sector the G–parity transformation actually corresponds to
a particle conjugation.
A more transparent parametrization of the collective coordinates and their time dependence is given in terms of the adjoint representation matrix, Dab , and the angular velocity,
Ω,
Dab =


1 
tr τa Aτb A†
2

and

A†

∂
i
A = τ · Ω.
∂t
2

(2.5)

The collective Lagrangian associated with the isorotating hedgehog (2.4)
1
L = −Ecl + α2 Ω2
2

(2.6)

deﬁnes the moment of inertia, α2 , which again is a functional of the chiral angle, F (r)a . Here
we should stress that the classical mass as well as the moment of inertia do not change when
the sign of the chiral angle is reversed, i.e. when one goes from the baryon to the anti–baryon.
Furthermore both quantities are of the order NC .
In the process of quantizing the collective coordinates, the spin operator is identiﬁed as
the quantity canonical to the angular velocity Ω
J=

∂L
= α2 Ω.
∂Ω

(2.7)

For what comes later it important to note that the spin operators act as right generators in
the collective space
1
[J , A] = Aτ
2

=⇒

[Ji , Dab ] = iǫibc Dac .

(2.8)

For explicit expressions of Ecl and α2 in various Skyrme type models the reader should consult ref. [2]
and references therein.
a
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Due to the invariance of the static soliton under combined rotations in coordinate and iso–
space the isospin is related to the spin via the rotation
Ia = −Dab Jb .

(2.9)

This restricts the possible eigenstates of the collective Hamiltonian
J2
J(J + 1)
= Ecl +
(2.10)
2
2α
2α2
to those with total isospin I = J. Since the isospin operators correspond to the left generators
one may replace
H = Ecl +

4
(2.11)
Dab −→ − Ia Jb
3
in the subspace I = J = 1/2 as a consequence of the Wigner–Eckart theorem. We therefore
do not need any further speciﬁcation of the nucleon or anti nucleon wave–functions in the
collective space.
Various static nucleon properties are obtained from the matrix elements of the vector and
axial vector currents (1.1). These correspond in the Skyrme model to the symmetry currents
which couple linearly to external gauge ﬁelds introduced in eqn (2.1). The currents are then
given in terms of the chiral ﬁeld and its derivatives. Next the rotating hedgehog conﬁguration
(2.4) is substituted and the angular velocity is eliminated with the quantization prescription
(2.7). As the moment of inertia, α2 is of the order NC it is obvious that each such substitution
reduces the order of NC by one unit. Finally the currents are obtained as combinations of
collective operators whose coeﬃcients are radial functions which depend on the chiral angle,
F (r). These combinations are displayed schematically in table 2.1. Note that due to the static
nature of the soliton conﬁguration the time (µ = 0) and spatial (µ = i) components of the
currents behave diﬀerently. Actually the form of currents displayed in table 2.1 is the most
general one at leading order in 1/NC once proper account is taken the rotational symmetries
in coordinate– and isospace as well as parity. Additionally one might have a time component
for the axial singlet current A00 = A0 (r)r̂ · J . However, A0 (r) = 0 in Skyrme type models.
We have deﬁned the isospin part of the generator of the isoscalar currents
to be 1/NC . The
R 3
proper
normalization
of
the
electromagnetic
charges
is
guaranteed
by
d
rV1 (r) = 1 and
R 3
d rV3 (r) = α2 . The explicit forms of the radial functions V1 (r), .., A5(r) may readily be
extracted from the review articles [1].
We have also listed in table 2.1, the possible sign change of the currents when one replaces
F → −F in the explicit forms of the radial functions. According to our discussion above this
sign change should represent the G–parity of the appropriate current. In every case, this is
seen to agree with (1.2) in the underlying QCD theory.
It is important to note that in the transition from the classical objects Dab and Ω to
the quantum operators Dab and J there can be ordering ambiguities in cases where the
product of two operators is required. Such products appear for the time components of the
isovector–vector current, V0a , and the isovector–axial vector current, Aa0 . For the former there
is no ambiguity because [Dab , Jb ] = 0. For the latter we must choose a symmetric ordering
to preserve the hermitean nature of the current. Using the substitution (2.11) shows that
matrix elements of Aa0 vanish between nucleon states. This has the desired consequence that
the G–parity violating form factor GT (q 2 ) in the Lorentz covariant decomposition of the
matrix elements
#
"
2
2
τa
G
(q
)
G
(q
)
T
p
hN ′ |Aaµ |Ni = u(p′ ) GA (q 2 )γµ +
qµ +
iσµν q ν γ5 u(p) , qµ = p′µ − pµ (2.12)
2M
2M
2
6

Table 2.1: The structure of the symmetry currents in chiral soliton models, the power of the
leading term in an 1/NC expansion as well as the behavior of the radial functions under sign
reversal of the chiral angle and their G–parity.
Current
V00
Vi0
V0a
Via
A00
A0i
Aa0
Aai

Structure
V1 (r)
V2 (r)ǫijk r̂j Jk /α2
−V3 (r)Dab Jb /α2 = V3 (r)Ia /α2
V4 (r)ǫijk r̂j Dak
0
(A1 (r)δij + A2 (r)r̂i r̂j ) Jj /α2
A3 (r)ǫijk r̂i {Daj , Jk } /α2
(A4 (r)δij + A5 (r)r̂i r̂j ) Daj

O(NC )
0
-1
0
1

F ↔ −F
−
−
+
+

-1
0
1

+
−
−

G–parity
−
−
+
+
+
+
−
−

is zero in the Skyrme model (cf. appendix C of ref.[18]). If we had incorrectly chosen a
diﬀerent ordering for the operators, Aa0 would not have vanished between nucleon states and
a non zero GT (q 2 ) form factor would have resulted, violating G–parity. This provides an
illustration of the connection between proper operator ordering and G–parity invariance. At
this stage we see that a symmetric, or hermitean, ordering of the collective operator is in
accordance with the G–parity symmetry.
Returning to the discussion of table 2.1 we again stress that when going from the baryon
to the anti–baryon sector, i.e. F ↔ −F , the symmetry currents acquire a sign according
to their G–parity quantum numbers. This just reﬂects the fact that the number of pions
(as measured by the power in which F appears) is either even or odd for a given current.
Of course, all extensions of the model should maintain this property. Furthermore, operator
ordering ambiguities of a current, which may occur at higher order in the 1/NC expansion,
have to be resolved in such a way that the phase acquired under F ↔ −F is determined by
the G–parity quantum number of the current.
This prescription has a fruitful application for the axial–singlet current, which is especially
interesting in the context of the proton spin puzzle. Not long ago it was proposed that an
axial–singlet current of the form




A0µ = ic tr U∂ν U † U∂µ U † U∂ ν U † = ic tr (pν pµ pν ) ,

(2.13)

(resulting from an additional term in (2.1)) would lead to a non–vanishing matrix element
between proton states [19]. The anti–Hermitian pseudovector pµ is given by pµ = ∂µ ξξ † +ξ †∂µ ξ
with ξ denoting a root of the chiral ﬁeld, i.e. U = ξ 2 . The reversal F ↔ −F corresponds to
ξ ↔ ξ † and thus pµ ↔ −pµ . It is then obvious [21] that, unless the current (2.13) vanishes
identically, it contradicts the G–parity symmetry, cf. table 2.1. Let us see, however, how an
improper ordering can lead to a non–vanishing result. As pµ = paµ τa is a vector in iso–space,
(2.13) can be expressed as 2iǫabc paν pbµ pνc which vanishes as long as the paµ are considered
to be classical objects. Under the canonical quantization (2.7) the angular velocity, Ω,
which is contained in p0 , is replaced by J /α2 . Then one is tempted to replace ǫabc Ωb Ωc by
ǫabc Jb Jc /(α2 )2 = iJa /(α2 )2 . This in turn would yield a non–vanishing axial–singlet current
A0i =

2c
4π 2 c 2
′
2
F
(r)sin
F
(r)r̂
·
J
r̂
=
r V1 (r)r̂ · J r̂i .
i
(α2 )2
(α2 )2
7

(2.14)

However, (2.14) is suspicious on a priori grounds since it changes sign on F → −F , in disagreement with the requirement that A0i have positive G–parity. We note that the hermitean
ordering
Ωa Ωb −→

1 Ja Jb
Jb Ja
+ 2 2
2
2
2 α α
α α




(2.15)

causes the axial–singlet current to vanish, in agreement with its G–parity transformation
property. Note also that the expression (2.14) is of order 1/NC2 and thus not of leading order
in the 1/NC expansion.
Thus the studies in the simple Skyrme model indicate that an hermitean ordering resolves
the ambiguities, which occur in the transition from the classical to the quantum level, in
agreement with the constraints imposed by the G–parity symmetry.

3. Including Vector Mesons
It is well known that the inclusion of vector mesons improves many predictions of the
simple Skyrme model. The too small value of gA is slightly increased but the problem
remains. Therefore one is naturally curious about possible O(1) corrections to the leading
O(NC ) expression for Aai (see table 2.1). In this section, the G–parity of the currents in
the model with vector mesons is studied. It is shown that if an arbitrary operator ordering
were to be allowed then O(1) corrections to both gA and the isovector magnetic moment, µV
would appear to exist. However, such contributions are seen to be G–parity violating and
hence must be eliminated by an appropriate operator ordering.
In the presence of vector mesons the situation is more involved not only because the static
energy functional, Ecl contains these additional ﬁelds but also because ﬁeld components,
which vanish classically, get excited by the collective rotation (2.4). At this point we will not
present the detailed structure of the Lagrangian we are considering. Its form has already been
proposed a decade ago [20]. Also the static soliton conﬁguration has been constructed [21]
and the ﬁelds induced by the collective rotation have been computed [22]. These allowed for a
reasonable description of static baryon properties even in the three ﬂavor model [23]. Here we
rather wish to discuss the G–parity properties of the currents. Besides the pseudovector pµ ,
which is deﬁned after eqn (2.13), we need the isovector–vector vµ = ξ † ∂µ ξ − ∂µ ξξ † . Obviously
vµ is even under G–parity. The vector meson ﬁelds are most conveniently parametrized in
terms of
Rµ = ωµ + ρµ −

i
vµ .
2g

(3.1)

The coupling constant g is determined from the decay width of the process ρ → ππ. As the
isoscalar–vector ﬁeld ω is odd under G–parity no deﬁnite G–parity quantum number can be
attached to Rµ . The isovector–vector ﬁeld ρµ possesses the same quantum numbers as vµ .
In terms of these quantities (and the ﬁeld tensor for the vector meson ﬁelds) the symmetry
currents of the model under consideration are displayed in eqn (2.12) of ref.[23]. There are
many terms so we will explicitly display here just two representative ones for the axial vector
current:
Aaµ

i
m2
τa h
= − V tr
ξRµ ξ † − ξ † Rµ ξ
g
2
(
iγ1
τa h
+ ǫµνρσ tr
ξ (Rν pρ pσ + pν pρ Rσ − pν Rρ pσ ) ξ †
6
2
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Table 3.1: The behavior of the vector meson radial functions under F → −F and the G–
parity quantum number of these ﬁelds.

F → −F
G–parity

ω(r) G(r) Φ(r)
+
+
†

ν ρ σ

ξ1 (r) ξ2 (r)
+
+
+
+

ν ρ

σ

ν

ρ σ

+ξ (R p p + p p R − p R p ) ξ

)
i

+ ... .

(3.2)

Here mV denotes the vector meson mass while the coupling constant γ1 can be determined
from
anomalous decays like ω → πππ [21]. Since gA is given by the matrix element of
R 3
d r 2A33 between proton states with spin projection + 12 we only need to consider the spatial
components Aai . In order to discuss the G–parity properties of Aai , we need both the static
as well as the excited vector meson ﬁelds. The static hedgehog ansätze read
ω0 (r) =

1
ω(r)
2g

ρai (r) =

and

G(r)
ǫika r̂k
gr

(3.3)

while all other ﬁeld components vanish. The equations of motion for the radial functions
ω(r) and G(r) as obtained from minimizing the classical energy functional are, in general,
non–linear inhomogeneous diﬀerential equations. The source for ω(r) is of the form V1 (r)
(cf. table 2.1) while G(r) ∼ ǫika r̂k tr(τa vi ). Hence ω(r) changes its sign under the reversal
F → −F but G(r) does not. Thus we ﬁnd that again the transformation F → −F gives the
proper G–parity quantum number. Upon the collective isorotation (2.4) we have not only
ρai (r) → A(t)ρai (r)A† (t), but, as already mentioned, additional ﬁelds are induced
ωi =

Φ(r)
ǫijk Ωj r̂k
2g

and

ρ0 =

1
A(t)τ · [ξ1 (r)Ω + ξ2 (r)(r̂ · Ω)r̂])A† (t).
2g

(3.4)

It is important to remark that the ordering between A(t) and Ω (→ J /α2 ) is completely
arbitrary because they are considered to be commuting c–number quantities. The radial
functions ξ1 (r), ξ2 (r) and Φ(r) solve linear inhomogeneous diﬀerential equations which serve
to extremize the moment of inertia, α2 . The classical ﬁelds act as inhomogeneous parts in
these equations. Hence one can deduce the behavior of the induced ﬁelds under F → −F .
It turns out that ξ1 (r) and ξ2 (r) are even while Φ(r) is odd, in agreement with G–parity
of these ﬁelds. These results are summarized in table 3.1. It is, of course, not surprising
that the behavior of the vector mesons under F → −F coincides with their G–parity as the
underlying Lagrangian possesses this symmetry and the vector mesons couple according to
their isospin and spin quantum numbers to the currents displayed in table 2.1.
Now we are completely equipped to discuss possible ordering ambiguities for gA and their
eventual resolution by demanding the proper G–parity behavior. We will see that up to next–
to leading order in the 1/NC expansion no contradiction to the G–parity symmetry appears
as long as we consider all ﬁelds to be classical objects. Due to its isoscalar character the ω
meson does not contribute in the ﬁrst term in eqn (3.2), which is “non–anomalous” (i.e. no
ǫ–symbol). It is thus obvious that this term is odd under G–parity just as the isovector–axial
vector current is supposed to be. For the anomalous term the situation is somewhat more
involved. One can convince oneself that for this term the proper G–parity is obtained only
when R is odd, i. e. only the ω meson is allowed. Since we are taking µ = i, one of the
9

three remaining indices has to be associated with the time coordinate. Let us ﬁrst assume
that this is attached to the ω ﬁeld, which is classical. The p’s are classical as well because
only their spatial components contribute. Thus the total contribution from the anomalous
terms to Aai is classical and no ordering ambiguities appear when the time like coordinate is
assigned to the ω meson. This, of course, is nothing but the leading order part of Aai in the
1/NC expansion. It contributes to the radial functions A4 (r) and A5 (r) in table 2.1 and has
been studied in detail [22, 23]. What happens when the ω ﬁeld is spatial? In that case the
contribution of the anomalous term to Aai contains two powers of Ω since one of the two p’s
contains a time derivative. Hence this term is of next–to–next–to leading order in the 1/NC
expansion and is commonly neglected.
A next–to leading order term can be obtained only when the isovector part of Rν is
considered and the angular velocity is treated as an operator in the collective space. Let us
see how this comes about. A straightforward calculation assuming the apparently natural
ordering indicated in (3.4) leads to
(1)
gA

16π
=
γ1
9g

Z

h

2

′

dr rF (G + ξ1 ) sinF − (ξ1 + ξ2 ) sin F

i

*

τ3
tr
AΩ3 A†
2


+

(3.5)
N

where the matrix element with respect to the nucleon state is indicated. Classically the trace
in (3.5) vanishes identically. However, if one replaced Ω3 by J3 /α2 this would no longer by
the case. Instead one would ﬁnd by using (2.8) and (2.11)
*

τ3
tr
AΩ3 A†
2


+

N

*

1
τ3
→
tr
[A, J3 ] A†
2
2α
2


+

N

*

−1
= 2 D33
4α

+

=
N

−1
.
12α2

(3.6)

However, this result cannot be taken seriously since the integrand in eqn (3.5) has the incorrect transformation property when going from the nucleon to the anti–nucleon. According
to table 2.1 the integrand should be odd under F → −F but it is even as can be observed
(1)
from table 3.1. Physically gA 6= 0 implies that the decay amplitude for the β-decay of the
anti–neutron is diﬀerent in magnitude from that of the neutron. This, of course, contradicts
our present understanding of physics. Hence we conclude that the collective operators have
to be ordered such that (3.5) vanishes identically.
Here we have just considered two terms of the complete axial vector current in the vector
meson model. The above arguments, however, apply as well to all terms in (2.12) of ref.[23].
Furthermore one may conduct the same studies for the isovector–vector current in this model.
The spatial components of this current give the isovector part of the magnetic moment µV . As
expected, the leading order in the 1/NC expansion is free of ambiguities and agrees with the
G–parity constraints. At the next–to leading order ambiguities for the collective operators
occur. Again the improper behavior of the radial part of the matrix element under F → −F
forces one to arrange these operators so that the 1/NC correction to µV vanishes.
The lesson we learn from studying the symmetry currents in the vector meson model is
that matrix elements which are diﬀerent from zero only because of the commutation relations
(2.8) but vanish classically are likely to violate the G–parity symmetry. In that event those
matrix elements should be discarded.

4. Chiral Quark Solitons
The results found in the vector meson model make us suspicious about the recently
discovered 1/NC corrections to gA and µV [4]–[9] since they depend on operator ordering.
Especially, it has been noticed that both the vector meson addition and the quark addition
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to the non–linear σ model similarly describe short distance corrections to the pion cloud.
This is true both for the problems of the neutron–proton mass diﬀerence [24] and the matrix
element of the axial singlet current [25].
Unfortunately the eﬀect of the reversal F → −F is not as clear in quark soliton models
as it is in purely mesonic models. We therefore divide the present section into two parts.
In the ﬁrst one we set up the chiral quark model for both the nucleon and the anti–nucleon
sectors. We derive a prescription to transform the quark spinors between these two sectors
(cf. (4.9)). In the second part this is applied to the investigation of the behavior of the 1/NC
corrections to gA and µV under F → −F . Technical details of these studies are presented in
appendix A.
The chiral quark model [26, 27], the simplest chirally symmetric model to contain quark
solitons, is deﬁned as the sum of the non–linear σ–model Lagrangian with a pion mass term
Lnlσ =



fπ2 
m2 f 2 
tr ∂µ U∂ µ U † + π π tr U + U † − 2
4
4

(4.1)

and a valence quark ﬁeld Ψval in the background of the chiral ﬁeld U
Lq = Ψval (i∂/ − mU γ5 ) Ψval .

(4.2)

Here the mass m = gq fπ represents a convenient parametrization of the coupling gq between
the valence quark and the chiral ﬁeld. In this model the eventual eﬀects of sea quarks are
assumed to be represented by the kinetic term in (4.1). It is also obvious that the model is
formulated locally.
Again we employ the hedgehog ansatz (2.2) for the pseudoscalar ﬁelds. For this static
conﬁguration the Dirac equation becomes an eigenvalue problem
h(F )Ψval = ǫval Ψval

(4.3)

which deﬁnes the Dirac Hamiltonian
h

h(F ) = α · p + βm cosF (r) + iγ5 τ · r̂ sinF (r)

i

(4.4)

as a function of the chiral angle, F (r). This Dirac Hamiltonian commutes with the grand
spin
G=l+

τ
σ
+
2
2

(4.5)

and the parity (Π) operators. Thus the eigenstates are classiﬁed by GΠint where Πint refers to
the intrinsic parity, which is deﬁned via Π = Πint (−1)G . The construction of these eigenstates
is described in appendix A.
The eigenvalue ǫval turns out to be a functional of F , as does the total classical energy
Ecl = Enlσ + sgn(B)NC ǫval




(4.6)

with Enlσ = 2πfπ2 dr r 2 F ′2 + 2sin2 F + 2m2π (1 − cosF ) . The sign of the baryon number
has been included in order to accommodate the hole interpretation of the Dirac theory. In a
moment we will see that this relative sign is also obtained by requiring that the nucleon and
anti–nucleon possess equal masses.
R
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The soliton is computed by solving the Euler–Lagrange equation for the chiral angle
sin2F
NC m
2
2
+
m
sinF
−
sgn(B)
F ′′ = − F ′ +
π
r
r2
fπ2

Z

dΩ †
Ψ β (sinF − iγ5 r̂ · τ cosF ) Ψval (4.7)
4π val

self–consistently. For the boundary condition F (0) = −π the bound valence quark state of
the self–consistent solution is found in the Gπint = 0+ channel. We denote the corresponding
+
eigenvalue and eigenfunction by ǫ+
val and Ψval , respectively. On the other hand, when assuming
the boundary condition F (0) = π, a strongly bound quark is only obtained in the 0− channel
−
with eigenvalue ǫ−
val and eigenfunction Ψval . This, of course, reﬂects nothing but the fact
that the parities of the nucleon and the anti–nucleon are opposite. In fact the self–consistent
solutions for the nucleon (F (0) = −π) and anti–nucleon (F (0) = π) are distinguished by
+
diﬀerent overall signs of F (r) and the eigenvalues of the bound quarks, i.e. ǫ−
val = −ǫval .
Thus, due to the inclusion of the factor sgn(B) in (4.6), the classical masses of the baryon
and anti–baryon are identical.
Actually, the self–consistent solution for the anti–baryon can easily be obtained from the
one for the baryon by noting that
h(−F ) = −J † h(F )J

with

J = J † = iβγ5 .

(4.8)

The transformation J commutes with G but has negative parity. This implies for the
eigenvalues and eigenstates of the Dirac Hamiltonian
ǫG
µ

±

F →−F

−→ − ǫG
µ

∓

|µ, G± i

and

F →−F

−→

|µ, G∓ i = J |µ, G± i,

(4.9)

where µ labels the particular eigenstate. Details of the transformation (4.9) in terms of the
radial parts of the quark wave–functions are given in appendix A. We will make extensive
use of this transformation when comparing the currents for the nucleon and anti–nucleon.
However, we ﬁrst have to perform the projection of the chiral quark soliton onto states with
good spin and isospin. For the non–linear σ model this is straightforwardly achieved by
substituting the rotating hedgehog (2.4) into the deﬁning equation (4.1). This yields the
mesonic part of the moment of inertia
2
αm
=

8π 2
f
3 π

Z

drr 2sin2 F

(4.10)

which obviously is identical for the baryon and the anti–baryon. In order to compute the
quarks’ contribution to α2 we employ the cranking method [28]. Then the quark spinors are
rotating in isospace, which adds the Coriolis term (1/2)τ · Ω as a perturbation to the Dirac
Hamiltonian (4.4). The energy eigenvalue acquires a change in second order perturbation,
which (due to isospin invariance) may be written as ǫval → ǫval + (1/2)αq2 Ω2 . Here
αq2 = αq2 [F ] =

NC X |hµ|τ3 |vali|2
2 µ6=val ǫ+
val − ǫµ

(4.11)

denotes the quarks’ contribution to the moment of inertia of the nucleon. As [J , τi ] = 0 one
ﬁnds that αq2 [F ] changes sign under the transformation (4.9), αq2 [−F ] = −αq2 [F ]. Taking into
account that (4.11) represents a perturbation to valence quark energy, which enters the total
energy with the overall factor sgn(B), the total moment of inertia
2
+ sgn(B)αq2
α2 = αm
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(4.12)

is seen to be invariant under F → −F . This guarantees equal masses for the baryons and
anti–baryons in the presence of rotational corrections.
In the context of the cranking method the induced components of the valence quarks are
computed in a perturbation expansion in powers of Ω. This will serve to make the discussion
of the particle conjugation properties of their contribution to the currents more transparent
than in a variational approach [29]. In order to be consistent with the expansion for the
energy we require the ﬁrst order expression for the cranked wave–function
Ψcrank






1 X
hµ|τ · Ω|vali 
= A(t) Ψval +
.
Ψµ

2 µ6=val
ǫval − ǫµ 

(4.13)

The isospin matrices τ carry unit grand spin and are positive under parity. Thus |µi ∈ 1±
for F (0) = ±π.
We now turn to the discussion of the currents in the chiral quark model. These are again
sums of mesonic and quark parts. As they are the Noether currents of the underlying theory
the overall factor sgn(B) is carried along for the quark part
Vµa (Aaµ )

 

i 2
τa
τa
†
†
= fπ tr
ξpµ ξ ∓ ξ pµ ξ + sgn(B)Ψcrank γµ (γ5 ) Ψcrank .
2
2
2

(4.14)

The interesting part is, of course, the one which is due to the quarks, especially the spatial
components (Qai = αi (σi ) τa /2)
NC Ψ†crank Qbi Ψcrank = NC Dab Ψ†val Qbi Ψval
(4.15)
X hµ|τj |vali †
X hval|τj |µi
NC
NC
+
(Dab Ωj )
Ψval Qbi Ψµ +
(Ωj Dab )
Ψ†µ Qbi Ψval .
2
2
µ6=val ǫval − ǫµ
µ6=val ǫval − ǫµ
In this expression we have temporarily adopted the ordering between Dab and Ω suggested
by the form of the perturbed wave–function (4.13). In the framework of the chiral quark
model the 1/NC corrections to gA and µV , which were recently discussed in various similar
models [4, 5, 6, 7, 9], correspond to the replacement
Ω → J /α2 in the ordering of (4.15).
R 3 3
To obtain gA we calculate the integral d rA3 . The contribution from the next to leading
order involves the sum over the grand spin projection (in which the energy eigenvalues are
degenerate)
X
M

hval, ±|σ3 τb |µ, 1M, ∓ihµ, 1M, ∓|τj |val, ±i =

i ± ±
S L ǫ3bj .
3 µ µ

(4.16)

The signs appearing in the state vectors label the intrinsic parity. The upper (lower) sign
refers to the (anti) nucleon sector. We refer to appendix A for the actual computation of
these matrix elements and the deﬁnition of the integrals on the RHS. Since these matrix
elements are proportional to the anti–symmetric ǫ–tensor the appearance of the commutator
[Dab , Jj ] is obvious (see (2.8)) when replacing the angular velocity by the spin operator.
Taking account of this prescription one ﬁnds for the axial charge of either the nucleon or the
anti–nucleon
gA =

(0)
gA

+

(1)
gA

sinF
F +
(4.17)
drr
r


i X hval|τ1 |µihµ|σ3τ2 |vali 
NC 
hval|σ3 τ3 |vali + 2
.
−sgn(B)
3
α µ6=val
ǫval − ǫµ

8π 2
=
f
9 π

Z

2





′

13

(1)

where the 1/NC correction, gA , is represented by the term proportional to 1/α2 . We should
remark that (4.17) corresponds to a spin up proton or a spin up anti–neutron which each give
the same matrix element of D33 . Note that the overall sign diﬀers in the two cases. Similar
calculations give for the isovector part of the magnetic moment
µV =

(0)
µV

+

(1)
µV

8π 2
=
f MN
9 π


Z

drr 3 sin2 F

(4.18)


i X hval|τ1 |µihµ| [r · α, σ3 ] τ2 |vali 
iNC
MN hval| [r · α, σ3 ] τ3 |vali + 2
.
−sgn(B)
12
α µ6=val
ǫval − ǫµ
Here the ǫ–tensor, which again causes the appearance of the commutator (2.8) in the next–to
leading term, originates from the deﬁnition of the isovector part of the magnetic moment
µV = 1/2h(r × V 3 i.
We have computed these matrix elements in the chiral quark model numerically. It turns
out the next–to leading order is only about 1/10 of the leading order. Thus these terms are
more strongly suppressed than in the NJL model. This is apparently due to the fact that the
chiral angle in the chiral quark model has quite a large extension yielding a larger moment
of inertia.
Now we can investigate these expressions with respect to their behavior under particle
conjugation. This is made simple by noting that we just have to apply the transformation
(4.9). Since J αi = −αi J and J σi = σi J it is obvious (noting the factor sgn(B)) that the
leading order terms transform properly in agreement with table 2.1, i.e
hval, +|σ3 τ3 |val, +i

hval, +| [r · α, σ3 ] τ3 |val, +i

F →−F

−→

F →−F

−→

hval, −|σ3 τ3 |val, −i,

−hval, −| [r · α, σ3 ] τ3 |val, −i,

(4.19)
(4.20)

Since the transformation J does not aﬀect the isospin structure of the matrix elements it
is obvious that the matrix elements involved in the terms describing the 1/NC corrections
transform in the same way
hµ, −|τ1 |val, +ihval, +|σ3 τ2 |µ, −i

hµ, +|τ1 |val, −ihval, +| [r · α, σ3 ] τ2 |µ, −i

F →−F

−→

F →−F

−→

hµ, +|τ1|val, −ihval, −|σ3 τ2 |µ, +i

(4.21)

−hµ, +|τ1 |val, −ihval, −| [r · α, σ3 ] τ2 |µ, +i.

In appendix B we present an additional argument, which is based on the completeness of
the eigenstates of the Dirac Hamiltonian, for the transformation relation (4.21). Now the
G–parity violation of the 1/NC corrections becomes clear: The energy denominator in these
terms changes its sign when going from the nucleon to the anti–nucleon. Thus the 1/NC
corrections transform oppositely to the leading order contribution, i.e. incorrectly. We
therefore conclude that the ordering ambiguities contained in the formulation of the quark
currents (4.15) have to be resolved in such a way that the 1/NC corrections to gA and µV
vanish:
(1)

gA = 0

and

(1)

µV = 0.

(4.22)

This can be achieved by demanding an hermitean ordering prescription
Dab Ωj −→

1
(Dab Jj + Jj Dab ) .
2α2
14

(4.23)

For this ordering each of the two subleading terms in (4.14) vanishes in the nucleon subspace
after performing the sum over the grand spin projection (4.16). Since
4
ǫkbj (Dab Jj + Jj Dab ) = − Ia ǫkbj (Jb Jj + Jj Jb ) = 0
3

(4.24)

the required result (4.22) is obtained.
It is seen that the pattern obtained in the vector meson model is repeated in the chiral
quark model. As already noted we are considering a local formulation of the chiral quark
model. Non–local eﬀects, as e.g. the blocking of transitions to negative energy states in
(4.13), associated with the inclusion of levels other than |vali in the deﬁnition (4.2) may
(1)
(1)
cause diﬀerent expressions for gA and µV . We will comment on related studies [5, 7] below.
To avoid confusion, we should remark that there is no practical problem in the chiral quark
model with too small gA . In fact, gA comes out slightly too large in this model, although the
problem can be resolved [27]by complicating the model a bit. However, the structure of the
chiral quark model is, for present purposes, the same as other quark soliton models.
Let us conclude this section by commenting on the G–parity behavior of the axial singlet
current in the chiral quark model. This has been noticed some time ago to account for the
proton spin puzzle fairly well [25]. When the isospin part of the generator Qai reduces to a
unit matrix, the ﬁrst term on the RHS of (4.15) is easily observed to vanish. Furthermore no
ordering ambiguities occur in the second and third terms because the D–matrix is replaced
by the unit matrix. The radial part of the matrix element between nucleon states of the axial
singlet current
Z

d3 rA03

=

sgn(B)

(2.7)

−→ sgn(B)

1 X hval|τ · Ω|µi
hµ|σ3 |vali + c. c.
2 µ6=val ǫval − ǫµ

Ji X hval|τi |µi
hµ|σ3 |vali + h. c. ,
2α2 µ6=val ǫval − ǫµ

(4.25)

is invariant under F → −F . This result indicates that the induced part of the quark current
behaves properly under G–parity if there happens to be no ordering ambiguity and the leading
term in the 1/NC expansion vanishes.

5. Summary and Conclusions
We have formulated the particle conjugation operation, and especially its convenient
realization as G–parity, in the framework of chiral soliton models. We speciﬁcally treated
the usual Skyrme model, the Skyrme model with vector mesons and, as the simplest example
containing quark ﬁelds, the chiral quark model. The prescription for G conjugation in the
solitonic sector is simply to reverse the sign of the proﬁle function F (r) → −F (r) while
leaving the collective coordinates A(t) unchanged.
It was found that requiring the correct particle conjugation properties for currents could
resolve operator ordering ambiguities which greatly aﬀect the results of a number of interesting calculations. These ambiguities occur in the transition from the classical to the quantized
formulation in the space of the collective coordinates.
In the basic Skyrme model we noted that an hermitean ordering of operators in the
collective space was required to guarantee the vanishing of a G–parity violating axial current
form factor. The same ordering also guaranteed the vanishing of the G–parity violating
matrix element of an axial singlet current of interest in connection with the “proton spin
puzzle”.
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In the Skyrme model with vector mesons we investigated possible corrections down by
1/NC to gA and µV . These turned out to vanish to insure G–parity conservation. Generally
speaking, our studies indicate that objects which vanish classically due to G–parity should
also vanish in the quantized formulation.
In the chiral quark model the situation turned out to be somewhat more involved because
the quark states are not eigenstates of the particle conjugation. Having set up the formulation
for the anti–nucleon we were able to show that the next–to leading order 1/NC corrections to
gA and µV , which are non–zero for the ordering suggested by the ansatz for the cranked quark
ﬁelds (4.13), behave oppositely to their leading order counterparts under F → −F . From this
we concluded that the operator ordering in the space of the collective coordinates should be
arranged so that these corrections vanish. It should be stressed that this conclusion follows
immediately after (4.15) without reference to the quark wavefunction phase convention. This
is because the identities αi (σi )J = ∓J αi (σi ) and [J , τ ] = 0 immediately show that the
leading and next–to leading order piece of the quark currents in the 1/NC expansion transform
oppositely. Since the leading order has the correct G–parity behavior this type of next–to
leading order corrections should actually be absent. This can be accomplished by adopting
the hermitean ordering prescription (4.24) when going from the classical to the quantum
level.
The results we have obtained in the chiral quark model are based on an ordinary perturbation expansion which is essentially equivalent to the cranking procedure of ref. [29]. Using
a somewhat diﬀerent expansion scheme for the Dirac operator including the Coriolis term
the authors of refs. [5, 7] obtained a somewhat diﬀerent resulta for the 1/NC correction to
the axial charge
− sgn(B)

iNC X
hval|τ1 |µihµ|σ3τ2 |vali
.
sgn(ǫµ )
2
3α µ6=val
ǫval − ǫµ

(5.1)

Although this result deviates from the correction in (4.17) only slightly numerically it is
obvious from our discussion that (5.1) transforms properly under the particle conjugation
due to the additional factor sgn(ǫµ )[30]. It should be remarked that the treatment of refs.
[5, 7] is not itself free of ordering ambiguities, which for example manifest themselves in
the violation of the P CAC relation. Furthermore the expression (5.1) cannot be obtained
from the ordinary perturbation expansion or the cranking procedure of ref. [29]. It seems
to us that a number of open questions remain as to the validity of (5.1). The discussion
of these goes beyond the scope of this paper nevertheless our considerations on the particle
conjugation symmetry favor the results of refs. [5, 7] over those of refs. [4, 6]. The latter are
essentially identical to (4.17). Stated otherwise, the considerations concerning the particle
conjugation symmetry rule out the results of refs. [4, 6] while no deﬁnite statement can be
made on those of refs. [5, 7]. As the models [5, 7] contain non–local eﬀects they are somewhat
diﬀerent from the chiral quark model considered here.
The considerations presented in this paper seem to exclude the emergence of 1/NC corrections to gA and µV in the context of the collective quantization of the static soliton
conﬁguration when performing a “classical” expansion in the angular velocity Ω in local
models. This suggests that the incorporation of pion ﬂuctuations oﬀ the soliton is important
in order to obtain non–vanishing corrections. Such a treatment seems quite appealing since
it has been shown to solve problems [31] related to the fact that the current algebra relations
cannot be correctly described within the collective quantization of the static soliton [32].
a

We are grateful to C. Christov for pointing out this difference to us.
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Appendix A: Explicit Solution to the Chiral Quark Model
In this appendix we present the explicit form of the eigenfunctions of the Hamiltonians
h(F ) and h(−F ) for the nucleon and anti–nucleon, respectively. The Hamiltonian h(F ) is
given in (4.4). Also the expressions for the axial charge, gA , the isovector part of the magnetic
(1)
(1)
moment, µV , as well the corresponding “would–be” 1/NC corrections gA and µV are made
explicit.
Although only states with grand spin G = 0 and G = 1 are relevant in the framework of
the chiral quark model, it is helpful to deﬁne general eigenstates of the grand spin operator
G (4.5):
|ljGMi =

X

j3 s3

GM
Cjj
1
3 , s3
2

1
1
jj3
Clm,
1 |lmi| s3 iJ | i3 iI .
i
3
2
2
2
mi3
X

(A.1)

JM
Here Cjj
′ ′ denote the SU(2) Clebsch–Gordan coeﬃcients. The subscripts J and I indicate
3 ,j j3
spinors in coordinate– and iso–space, respectively.
1. Treatment of the Nucleon
The quark state which is bound in the chiral background ﬁeld F (r) resides in the G = 0
channel and possesses positive parity when the boundary condition F (r = 0) = −π is chosen.
In terms of the grand spin states (A.1) this valence quark state is parametrized as



|val, +i = 


ig0+ (r)|0 12 00i
f0+ (r)|1 21 00i




.

(A.2)

The radial functions g0 (r) and f0 (r) are obtained by diagonalizing the Dirac Hamiltonian
(4.4) and identifying the state with the energy eigenvalue in the interval −m ≤ ǫ+
val ≤ m as
the valence quark. Technically the diagonalization is achieved by constraining the system to
a spherical box of ﬁnite radius D and imposing certain boundary conditions at r = D. Here
we demand that the upper components of the Dirac spinor (A.2) vanish at r = D. For more
details on the numerical treatment we refer to ref.[34].
The matrix elements relevant for the classical parts of the axial charge and the iso–vector
part of the magnetic moments are easily obtained to be
1
1
drr 2 g0+ (r)2 − f0+ (r)2
hval, +|σ3 τ3 |val, +i =
3
3
Z
8i
hval, +| [r · α, σ3 ] τb |val, +i =
δ3b drr 3 g0+ (r)f0+ (r)
3
Z





(A.3)

In order to evaluate the perturbated wave–function due to cranking we need to compute
the overlap matrix element hµ|τj |val, +i. The isospin matrix τj carries unit grand spin and
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positive parity. Thus non–vanishing matrix elements exist only when |µi belongs to the 1−
channel. These states are parametrized as


|µ, 1M, −i = 


−
ig1µ
(r)|2 32 1Mi
−
f1µ
(r)|1 23 1Mi





 
+

−
ig2µ
(r)|0 12 1Mi
−
−f2µ
(r)|1 12 1Mi





(A.4)

The corresponding eigenvalues of h(F ) are denoted by ǫ−
µ . Furthermore M = −1, 0, 1 refers
to the projection of the grand spin G = 1. Again we refer the interested reader to ref.[34]
+
+
on details on the numerical evaluation of the radial functions g1µ
, .., f2µ
. The boundary
conditions on these radial functions are such that the upper component of the spinor (A.4)
vanishes at r = D in order to avoid ﬁnite size isospin violations [35].
It is then straightforward to compute the matrix elements relevant for the axial charge
and iso–vector part of the magnetic moments, which are discussed in section 4:
i
√
√
1 + h 11
Sµ (τj − τj22 )δ0M − 2τj12 δ1M + 2τj21 δ−1M
2
h
i
1
12
21
τ
δ
+
τ
δ
(A.5)
hval|, +|σ3 τb |µ, 1M, −i = √ L+
1M
µ
b −1M
b
3 2
h
i
−i
hval, +| [r · α, σ3 ] τb |µ, 1M, −i = √ Rµ+ τb12 δ−1M + τb21 δ1M .
3 2

hµ, 1M, −|τj |val|, +i =

+
The coeﬃcients Sµ+ , L+
µ and Rµ are given as integrals over the radial functions deﬁned in
eqns (A.3) and (A.5):

Sµ+

= −

h

−
−
(r) + f0+ (r)f2µ
(r)
drr 2 g0+ (r)g2µ

i

h

√ − i
−
−
(r)
(r) − f0+ (r) f2µ
(r) + 2f1µ
drr 2 3g0+ (r)g2µ
Z


i
h

√
√
−
−
(r) − 2g1µ (r) .
(r) + 2f1µ (r) + f0+ (r) 4g2µ
=
drr 3 g0+ (r) 4f2µ

L+
µ =
Rµ+

Z

Z

(A.6)

The summation over the grand spin projection yields
i + +
S L ǫ3bj
3 µ µ
M
X
1 + +
hval, +| [r · α, σ3 ] τb |µ, 1M, −ihµ, 1M, −|τj |val, +i =
S R ǫ3bj
3 µ µ
M
X

hval, +|σ3 τb |µ, 1M, −ihµ, 1M, −|τj |val, +i =

(A.7)

2. Treatment of the Anti–Nucleon
For the boundary condition F (r = 0) = π the parity of the bound valence quark gets
reversed. Thus this state is member of the 0− channel:


|val, −i = 


ig0− (r)|1 21 00i
f0− (r)|0 21 00i




.

(A.8)

The corresponding eigenvalue of the Dirac Hamiltonian (4.4) is labeled ǫ−
val . As the transformation J in eqn (4.8) exchanges upper and lower components of a Dirac spinor, we now
demand the lower components of (A.8) to vanish at r = D. This makes possible the comparison with (A.2) even for ﬁnite D.
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The classical parts of gA and µV are given by
1
1
hval, −|σ3 τ3 |val, −i = −
drr 2 f0− (r)2 − g0− (r)2
3
3
Z
8i
δ3b drr 3 f0− (r)g0−(r)
hval, −| [r · α, σ3 ] τb |val, −i =
3


Z



(A.9)

Under the cranking perturbation the valence quark state (A.8) couples to the states in the
1+ channel


|µ, 1M, +i = 


+
ig1µ
(r)|1 32 1Mi
+
−f1µ
(r)|2 32 1Mi





 
+

+
ig2µ
(r)|1 21 1Mi
+
f2µ
(r)|0 12 1Mi




.

(A.10)

Their eigenvalues are denoted by ǫ+
µ . Again the lower components are constrained to be zero
at r = D. The isospin structure of the matrix elements (A.5) remains unaltered when we
+
transfer them to the anti–nucleon. However, the coeﬃcients Sµ+ , L+
µ and Rµ are replaced by
Sµ−
L−
µ
Rµ−

= −

Z

h

+
+
(r) + f0− (r)f2µ
(r)
drr 2 g0− (r)g2µ

i

h

√ + i
+
+
(r) − g0− (r) g2µ
(r) − 2g1µ
drr 2 3f0− (r)f2µ
(r)
(A.11)
Z


i
h

√
√
+
+
+
+
(r) + f0− (r) 4g2µ
(r) − 2g1µ
(r) .
(r) + 2f1µ
=
drr 3 g0− (r) 4f2µ

=

Z

When the summation over the grand spin projection is performed these integrals have to be
substituted for their analogous expressions in eqn (A.7).
Using the explicit representations (A.2, A.4, A.8) and (A.10) the transformation (4.9)
corresponds to
g0+ (r) → −f0− (r),
g1− (r) → f1+ (r),
g2− (r) → −f2+ (r),

f0+ (r) → g0− (r),
f1− (r) → −g1+ (r),
f2− (r) → g2+ (r).

(A.12)

Numerically we have veriﬁed that the self–consistent solution reverses its sign (F → −F )
when we alter the boundary condition from F (0) = −π to F (0) = π. Furthermore the
−
−
+
computations conﬁrm the transformations ǫ+
val → −ǫval and ǫµ → −ǫµ for the eigenvalues of
h(F ). The transformation properties for the wave–functions (A.12) are regained up to an
overall, irrelevant phase. This phase may, of course, be diﬀerent in the grand spin zero and
one channels.

Appendix B: Completeness Argument
Using the results from appendix A the transformation relations (4.19) and (4.21) are
easily veriﬁed. In terms of the integrals over the wave–functions these transformations are
expressed as
− −
Sµ+ L+
µ → Sµ Lµ

and Sµ+ Rµ+ → −Sµ− Rµ− .

(no sum over µ)

(B.1)

The validity of the relations (4.19) and (4.21) is also nicely conﬁrmed by making use of the
completeness property of the eigenstates of the Dirac Hamiltonian. From that one can deduce
hval, ±|σ3 τ3 |val, ±i =

1X ± ±
S L
3 µ µ µ

and hval, ±| [r · α, σ3 ] τ3 |val, ±i =
19

iX ± ±
S R . (B.2)
3 µ µ µ

This indicates once again that the matrix elements involved in the subleading order of the
1/NC expansion transform identically to those of the leading order when the sign of the chiral
angle is reversed. We should mention that we have conﬁrmed the identities (B.2) numerically
for both boundary conditions F (0) = ±π.
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